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In the left-right symmetric model neutral gauge fields are characterized by three mixing angles
θ12, θ23, θ13 between three gauge fields Bµ,W
3
Lµ,W
3
Rµ, which produce mass eigenstates Aµ, Zµ, Z
′
µ,
when G = SU(2)L×SU(2)R×U(1)B−L×D is spontaneously broken down until U(1)em. We find a
new mixing angle θ′, which corresponds to the Weinberg angle θW in the standard model with the
SU(2)L×U(1)Y gauge symmetry, from these mixing angles. It is then shown that any mixing angle
θij can be expressed by ε and θ
′, where ε = gL/gR is a ratio of running left-right gauge coupling
strengths. We observe that light gauge bosons are described by θ′ only, whereas heavy gauge bosons
are described by two parameters ε and θ′.
PACS numbers: 12.15.Ff, 14.70.-e
I. INTRODUCTION
Since the discovery of neutrino oscillations [1], many new physics beyond the standard model
have been proposed in an accelerative way. Among these works the left-right symmetric model
(LRSM)[2–8] appears to be one of the most promising models, which is invariant under the gauge
group G = SU(2)L×SU(2)R×U(1)B−L×D, where D denotes D-parity symmetry and gL = gR for
left-right gauge strengths. The smallness of neutrino masses is one of the most important problems
to be solved. The so-called seesaw mechanism [9–11] is naturally incorporated in the model, where
neutrinos are regarded as Majorana particles. The original gauge group G is first broken down to
SU(2)L×SU(2)R×U(1)B−L at an energy scale 〈 η 〉 =MP ∼ 1015 GeV, where η is the pseudoscalar
Higgs field, so that D-parity invariance is broken because of the Higgs potential including △L and
△R. Then at the energy scale 〈 △R 〉 = VR ∼ 103 GeV the SU(2)R invariance is broken until
SU(2)L×U(1)Y , and finally at the energy scale〈 φ 〉 = κ1,2 ∼ 102 GeV the last symmetry is broken
until the U(1)em invariance. As a result of running couplings we have gL 6= gR [2]. At this point
there are some papers with gL = gR in any energy scale [12], whereas our paper is not so.
However, except for ambiguity associated with Higgs field, some unsolved problems remain in
various gauge fields. Light gauge bosons W± and Z are associated with their partners W ′± and
Z ′ which are too heavy to observe. For charged gauge bosons W± and W ′± they are characterized
by one mixing angle γ. On the other hand, for neutral gauge fields they are characterized by three
mixing angles θ12, θ23, θ13 between three gauge fields Bµ,W
3
Lµ,W
3
Rµ, which produce mass eigenstates
Aµ, Zµ, Z
′
µ. In addition there are free gauge parameters gL, gR and g1 of G.
Now we are faced with problems how to fix these parameters from experimental data presently
available such as W±, Z. Apparently some of parameters remain unfixed, until when we have data
from their heavy partners W ′±, Z ′.
In this paper we discuss these problems. The mass matrix for neutral gauge fields will be diagonal
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2if tan θ23 = − sin θ12 sin θ13/ cos θ12+O(δ) , where δ is an infinitesimally small parameter associated
with the spontaneously broken left-right symmetry. In δ ∼ 0, then introducing a new mixing angle θ′
defined by s′ = sin θ12 cos θ13 and c
′ = cos θ12/ cos θ23 with s
′2+ c′2 = 1 ( s′, c′ stand for sin θ′, cos θ′,
respectively), we show that all light gauge boson masses can be expressed in terms of s′, c′, namely,
MW = 37.3/s
′ GeV and MZ/MW = 1/c
′. The coupling strength between the proton and the Z
boson as well as those of neutrinos and Z can be shown to be expressed also by s′, c′. All results are
completely the same as those of the Weinberg-Salam (WS) theory with SU(2)L × U(1)Y , in δ ∼ 0,
if we take s′ = sin θW , c
′ = cos θW , where θW is the Weinberg angle. Here WS gauge coupling
constants g, g′ are given by g = gL = e0/ sin θW and g
′ = g1 cos θ13 cos θ23 = e0/ cos θW with e0 the
positron charge, respectively. These results happen to be around mass scales of weak gauge bosons
MW ,MZ .
We will also show that any mixing angle θij can be expressed in terms of θ
′ = θW and ε = gL/gR
in δ ∼ 0.
Finally we discuss about the gauge coupling ratio ε, which is given by angles as ε2 = s′−2 −
sin θ12
−2. Hence we cannot fix ε by s′ only. We then observe generally that light gauge bosons are
described by θ′ only, whereas heavy gauge bosons are described by two parameters ε and θ′.
In Secs.II and III we summarize the LRSM in order to fix the notation. In Secs.IV and V masses of
gauge bosons are calculated in the order of δ. In Secs.VI we discuss mixing angles. In the Appendix
we calculate the electromagnetic coupling strength with fermions, and also the coupling strength
between the proton and the Z boson. The final section is devoted to concluding remarks.
II. THE LEFT-RIGHT SYMMETRIC MODEL
Let us summarize the LRSM proposed first in Ref. [2], which is invariant under the gauge group
G = SU(2)L × SU(2)R × U(1)B−L ×D . (2.1)
The representation of G is characterized by the triplet (dL, dR, Y ), where dL, dR denote the dimen-
sions of SU(2)L and SU(2)R, respectively, and Y is defined by Q = I3L + I3R + Y/2 in familiar
notations and is equal to Y = B − L. The fermion doublets are given by
quarks: QL(2, 1,
1
3
), QR(1, 2,
1
3
) , (2.2)
leptons: LL(2, 1,−1), LR(1, 2,−1) .
We also introduce four kinds of Higgs fields
φ(2, 2, 0) , ∆L(3, 1, 2) , ∆R(1, 3, 2) , η(1, 1, 0) , (2.3)
with representations as
φ =
(
φ01 φ
+
1
φ−2 φ
0
2
)
, φ˜ =
(
φ¯02 −φ+2
−φ−1 φ¯01
)
, (2.4)
∆L =
(
δ+L /
√
2 δ++L
δ0L −δ+L/
√
2
)
, ∆R =
(
δ+R/
√
2 δ++R
δ0R −δ+R/
√
2
)
.
We consider only leptonic parts :
L = LF + LY + LB . (2.5)
3with
LF = iψ¯
j
Lγ
µ
(
∂µ − i1
2
g1YFBµ − igLWLµ
)
ψjL (2.6)
+ iψ¯jRγ
µ
(
∂µ − i1
2
g1YFBµ − igRWRµ
)
ψjR , W
L,R
µ ≡
1
2
ταW
α
µ,L,R ,
LY = −ψ¯iL
(
fijφ+ f˜ij φ˜
)
ψjR +H. c. (2.7)
− iψTiL ChLijτ2∆LψjL +H. c.
− iψTiR ChRijτ2∆RψjR +H. c. ,
LB = tr|Dµ∆L|2 + tr|Dµ∆R|2 + tr|Dµφ|2 + 1
2
∂µη∂
µη (2.8)
+ Yang-Mills terms of Bµ,W
L
µ ,W
R
µ
− V (Higgs potential of φ,∆L,∆R, η) ,
ψiL =
(
νi
ei
)
L
, ψiR =
(
νi
ei
)
R
i = e, µ, τ, (2.9)
φ˜ = τ2φ
∗τ2 .
The Dirac-Majorana type couplings are given in Eq.(2.7).
Under gauge transformations Higgs fields are transformed as
φ→ ULφU−1R , φ˜→ ULφ˜U−1R , (2.10)
∆L → UL∆LU−1L , ∆R → UR∆RU−1R ,
so that covariant derivatives are given by
Dφ = ∂φ− i(gLWLφ− gRφWR) , (2.11)
D∆L = ∂∆L − i1
2
g1Y∆B∆L − igL(WL∆L −∆LWL) ,
D∆R = ∂∆R − i1
2
g1Y∆B∆R − igR(WR∆R −∆RWR) ,
where Yφ = 0, Y∆ = +2 and YF = −1.
The gauge symmetry of SU(2)L×SU(2)R×U(1)B−L×D is broken down until U(1)em by nonzero
vacuum expectation values of Higgs fields
〈 φ 〉 = 1√
2
(
κ1 0
0 κ2
)
, 〈 ∆L,R 〉 = 1√
2
(
0 0
VL,R 0
)
, 〈 η 〉 = 1√
2
η0 , (2.12)
with assumptions ∣∣VL∣∣ << ∣∣κ1,2∣∣ << ∣∣VR∣∣ << ∣∣η0∣∣ . (2.13)
The Yukawa terms then become
− LY = ψ¯iL
(
fij 〈φ〉+ f˜ij
〈
φ˜
〉)
ψjR +H. c. (2.14)
+ iψTiL Cτ2h
L
ij 〈∆L〉ψjL +H. c.
+ iψTiR Cτ2h
R
ij 〈∆R〉ψjR +H. c.
= ν¯iLmDijν
j
R +
1
2
ν¯iCR mLijν
j
L +
1
2
ν¯iCL mRijν
j
R + e¯
i
Lm
′
Dije
j
R +H. c. .
4Here we have used notations
ψ¯CL =
(1− γ5
2
ψC
)†
γ0 = ψTRC , ψ¯
C
R = ψ
T
LC , (2.15)
and
mDij =
fijκ1 + f˜ijκ2√
2
≃ ml , mRij =
√
2VRh
R
ij , mLij =
√
2VLh
L
ij , (2.16)
m′Dij =
fijκ2 + f˜ijκ1√
2
≃ ml .
In order to make mass terms real, any parameter here is taken to be real. We assume that mD and
m′D take values of the order of leptonic masses ml, i.e., mD ≃ m′D ≃ ml .
According to Eq.(2.13) we have inequalities∣∣mLij∣∣ << ∣∣mDij∣∣ << ∣∣mRij∣∣ . (2.17)
The neutrino terms can be written as
(
ν¯ N¯
)( mL mD
mD mR
)(
ν
N
)
= ν¯mLν + ν¯mDN + N¯mDν + N¯mRN , (2.18)
where
ν =
νL + (νL)
C
√
2
=
νL + ν
C
R√
2
, (2.19)
N =
νR + (νR)
C
√
2
=
νR + ν
C
L√
2
. (2.20)
Making the mass matrix diagonal we have the seesaw result for each ij
∣∣maij ∣∣ ≃ ∣∣ (mDij)2
mRij
∣∣ , (2.21)∣∣mb∣∣ ≃ ∣∣mRij∣∣ , (2.22)
with eigenstates
| νaj 〉 ≃ | νj 〉 − mDij
mRij
| Nj 〉 , (2.23)
| Nbj 〉 ≃ | Nj 〉+ mDij
mRij
| νj 〉 . (2.24)
Finally Eq.(2.18) turns out to be
ν¯aimaijνaj + N¯bjmbijNbj . (2.25)
Each term should be diagonal for three generations, i, j = 1, 2, 3.
The ν is made of νL, while N is made of νR, as is seen from Eqs.(2.19) and(2.20). The mass of ν
is so small, whereas that of N is too heavy to observe, according to the seesaw mechanism. This is
the reason why νL only is observable but not νR. The heavy particle νR together with W
′ and Z ′
is now widely recognized as one of strong candidates for dark matters.
5III. THE T MATRIX
Let us introduce new variables (Aµ, Zµ, Z
′
µ), which are mass eigenstates of three gauge fields
(Bµ,W
3
Lµ,W
3
Rµ), by 
 BW 3L
W 3R

 = T

 AZ
Z ′

 , (3.1)
where T is a 3× 3 unitary matrix. Then we have
B = T11A+ T12Z + T13Z
′ , (3.2)
W 3L = T21A+ T22Z + T23Z
′ ,
W 3R = T31A+ T32Z + T33Z
′ .
From gauge coupling terms in Lagrangian (2.6) a collection of coefficients of Aµ(x) suggest us that
the electric charge −e0 of the electron is given by, as shown in Appendix,
e0 =
1
2
(g1T11 + gLT21) , (3.3)
g1T11 = gLT21 = gRT31 = e0 .
Here we have the desired electromagnetic coupling term e0Ae¯γe.
The T matrix is generally given by three mixing angles
T =

 c12 −s12 0s12 c12 0
0 0 1



 c13 0 −s130 1 0
s13 0 c13



 1 0 00 c23 −s23
0 s23 c23

 (3.4)
=

 c12c13 −s12c23 − c12s23s13 s12s23 − c12c23s13s12c13 c12c23 − s12s23s13 −c12s23 − s12c23s13
s13 s23c13 c23c13

 , (3.5)
where cij = cos θij , sij = sin θij , and sometimes we use a notation θ12 = θ for simplicity. From
constraints (3.3) we have
g1T11 = g1c12c13 = e0 , (3.6)
gLT21 = gLs12c13 = e0 ,
gRT31 = gRs13 = e0 ,
so that
tan θ12 =
g1
gL
, (3.7)
sin θ13 =
e0
gR
,
1
e2o
=
1
g21
+
1
g2L
+
1
g2R
,
g1 cos θ =
eo
c13
, gL sin θ =
eo
c13
, θ = θ12 .
6IV. MASSES OF CHARGED GAUGE BOSONS
The aim of this section is to calculate the numerical values of δ and VR, which are defined in
Eq.(4.15). In order to do this, we follow the work of Ref.[13].
After the gauge symmetry is spontaneously broken, the trace parts in Eq.(2.8) are summarized as
follows:
tr|D∆L|2 = 1
2
[|gLW+L |2 + (g1B − gLW 3L)2]V 2L , (4.1)
tr|D∆L|2 = 1
2
[|gRW+R |2 + (g1B − gRW 3R)2]V 2R ,
tr|Dφ|2 = 1
8
[
(gLW
3
L − gRW 3R)2(κ21 + κ22) + 2|κ1gLW+L − κ2gRW+R |2 + 2|κ2gLW+L − κ1gRW+R |2
]
,
W±L,R = (W
1 ∓ iW 2)L,R/
√
2 .
The charged boson mass terms are then given by
X ≡ 1
2
|gLW+L |2V 2L +
1
2
|gRW+R |2V 2R (4.2)
+
1
4
|κ1gLW+L − κ2gRW+R |2 +
1
4
|κ2gLW+L − κ1gRW+R |2
=
1
2
|W+L |2
[
g2LV
2
L +
1
2
(κ21 + κ
2
2)g
2
L
]
+
1
2
|W+R |2
[
g2RV
2
R +
1
2
(κ21 + κ
2
2)g
2
R
]
− 1
2
κ1κ2gLgR(W
+
LW
−
R +W
+
RW
−
L ) .
Let us introduce here new variables as mass eigenstates by(
W±L
W±R
)
= U
(
W±
W ′±
)
, U =
(
cos γ sin γ
− sin γ cos γ
)
. (4.3)
Eq.(4.2) turns out to be of the form
X = |W |2M2W + |W ′|2M2W ′ + (W †W ′ +W ′†W )λ, (4.4)
where
M2W = GLU
2
11 +GRU
2
21 − κ1κ2gLgRU11U21 , (4.5)
M2W ′ = GLU
2
12 +GRU
2
22 − κ1κ2gLgRU12U22 , (4.6)
λ = U11U12GL + U21U22GR − 1
2
κ1κ2gLgR(U12U21 + U22U11) , (4.7)
with
GL =
1
2
g2L
[
V 2L +
1
2
(κ21 + κ
2
2)] , GR =
1
2
g2R
[
V 2R +
1
2
(κ21 + κ
2
2)] . (4.8)
The vanishing condition of the cross term is given by
λ = 0 , (4.9)
i.e. tan 2γ =
κ1κ2gLgR
GL −GR ≃ −
2κ1κ2
V 2R
ε = 2γ (4.10)
7hence ∣∣∣γ
ε
∣∣∣ = ∣∣∣κ1κ2
V 2R
∣∣∣ << 1 , (4.11)
where ε = gL/gR. We see that the mixing angle γ is very small.
Finally we find the charged boson masses
M2W = g
2
L
κ21 + κ
2
2
4
+
1
2
g2Lκ1κ2
(γ
ε
) ≃ g2L κ21 + κ224 , (4.12)
M2W ′ =
1
2
g2RV
2
R − g2Lκ1κ2
(γ
ε
) ≃ 1
2
g2RV
2
R , (4.13)
Substituting V 2R and g
2
L into Eq.(4.10), the mixing angle can be written as
tan 2γ = − 4κ1κ2
κ21 + κ
2
2
gR
gL
(MW
MW ′
)2
. (4.14)
Also the mass ratios of W and W ′ are given by
(MW
MW ′
)2
= 2
(gL
gR
)2 κ21 + κ22
4V 2R
= 2ε2δ , δ ≡ κ
2
1 + κ
2
2
4V 2R
. (4.15)
These formulas are completely identical with results of Ref.[13].
If we take values of Deppisch et al. [4], gL = 0.63, gR = 0.38, and the recent LHC data of MW ′ =
1900 GeV[16], together with MW = 80 GeV, then we have δ = 3.2 × 10−4. Furthermore, we get
the vacuum expectation value VR = 7.1 × 103 GeV from Eq.(4.13). If we take values of Dev et al.
[6], gL = 0.63, gR = 0.51, then we have δ = 5.8 × 10−4 and VR = 5.3 × 103 GeV. Finally we get
Vφ =
√
(κ21 + κ
2
2)/4 ∼127 GeV from MW = gLVφ .
V. MASSES OF NEUTRAL GAUGE BOSONS
The aim of this section is to find constraint equations Eq.(5.11) among mixing angles, which allow
us to introduce a new mixing angle in Sec.VI.
From Eq.(4.1) the mass terms of neutral gauge boson are collected as
X ′ ≡ 1
2
[
(g1B − gLW 3L)2V 2L + (g1B − gRW 3R)2V 2R
]
+
1
8
[
(gLW
3
L − gRW 3R)2(κ21 + κ22)
]
, (5.1)
where
g1B − gLW 3L = Z(g1T12 − gLT22) + Z ′(g1T13 − gLT23) , (5.2)
g1B − gRW 3R = Z(g1T12 − gRT32) + Z ′(g1T13 − gRT33) , (5.3)
gLW
3
L − gRW 3R = Z(gLT22 − gRT32) + Z ′(gLT23 − gRT33) . (5.4)
Substituting Eqs.(5.2)-(5.4) into Eq.(5.1) we get
X ′ =
1
2
Z2M2Z +
1
2
Z ′2M2Z′ + µZZ
′ , (5.5)
8where
M2Z = (g1T12 − gLT22)2V 2L + (g1T12 − gRT32)2V 2R +
κ21 + κ
2
2
4
(gLT22 − gRT32)2 , (5.6)
M2Z′ = (g1T13 − gLT23)2V 2L + (g1T13 − gRT33)2V 2R +
κ21 + κ
2
2
4
(gLT23 − gRT33)2 , (5.7)
µ = (g1T12 − gLT22)(g1T13 − gLT23)V 2L + (g1T12 − gRT32)(g1T13 − gRT33)V 2R (5.8)
+
κ21 + κ
2
2
4
(gLT22 − gRT32)(gLT23 − gRT33) .
The vanishing condition of the cross term is given by
µ = 0 . (5.9)
If we put VL = 0, then Eq.(5.9) turns out to be
(g1sc23 + ls23)(g1ss23 − lc23) = δ(gLcc23 − ls23)(−gLcs23 − lc23) , (5.10)
where
δ ≡ κ
2
1 + κ
2
2
4V 2R
<< 1 , l ≡
√
g2R + g
2
1c
2 .
Solutions to θ23 are
tan θ23 =
l
g1s
+O(δ) , −g1s
l
+O(δ) . (5.11)
The Z boson mass is then given by Eq. (5.6), which reduces to
M2Z = V
2
R(g1sc23 + ls23)
2 +
κ21 + κ
2
2
4
(gLcc23 − ls23)2 = κ
2
1 + κ
2
2
4
(g2L + g
2
1)c
2
23 , (5.12)
This final form can be seen as follows: Substituting the second solution of Eq.(5.11) into the second
bracket with V 2R in Eq.(5.6), we get
V 2R(g1sc23 + ls23)
2 = V 2Rc
2
23(g1s+ l tan θ23)
2 = V 2Rc
2
23l
2 ×O(δ2) ∼ 1
V 2R
. (5.13)
The third bracket term becomes
gLcc23 − ls23 = c23(gLc− l tan θ23) = c23(gLc+ g1s−O(lδ)) = c23
√
g2L + g
2
1 −O(lc23δ) . (5.14)
Neglecting O(δ) term we get the final result of Eq. (5.12).
The first solution in Eq.(5.11) is inadequate for MZ , because it gives a big mass of order V
2
R.
In the same way we have
M2Z′ = c
2
23
(
l +
g1s
2
l
)2
V 2R +
κ21 + κ
2
2
4
c223(l −
gLg1sc
l
)2 , (5.15)
or
MZ′ ≃ lc23
(
1 +
g1s
2
l2
)
VR = gRVR
1
c23c13
. (5.16)
9VI. MIXING ANGLES
In this section we consider what kinds of mixing angles are observable. At first we derive a relation
MZ
MW
=
√
g21 + g
2
L
gL
c23 =
cos θ23
cos θ
, (6.1)
which follows from Eqs. (4.12) and (5.12). From Eq.(3.7) and l =
√
g2R + g
2
1c
2, we see
g1c
l
= s13 . (6.2)
Hence Eq.(5.11) can be written as
tan θ23 = −g1s
l
+O(δ) = −ss13
c
+O(δ) , (6.3)
This can be rewritten as
c2
c223
= 1− s2c213 +O(δ) . (6.4)
In δ ∼ 0, then introducing new variables by
sc13 = s
′ ,
c
c23
= c′ (6.5)
we see from Eq. (6.4)
c′2 + s′2 = 1 , (6.6)
Hence one can set s′, c′ as s′ = sin θ′, c′ = cos θ′, respectively. Equation (6.1) is now simply given by
MZ
MW
=
1
c′
(6.7)
Another useful relation is obtained from the low-energy νe scattering amplitude with theW boson
exchange. This is given by, from (A2),( gL
2
√
2
cos γ
)2 1
M2W
=
G√
2
, (6.8)
where G is the Fermi constant, and γ is the mixing angle between WL and WR.
One can put cos γ ≃ 1, since γ is very small. Substituting gL = e0/(sc13) = e0/s′ into Eq.(6.8) , we
have
MW = 37.3
1
s′
GeV . (6.9)
The coupling strength gνZ between ν and Z can be seen from (A2) to be
ν¯LγxLνL = gνZ ν¯LγνLZ , (6.10)
where
gνZ =
1
2
(−g1T12 + gLT22) = e0
2c′s′
. (6.11)
10
The coupling strength between the electron and Z is also calculated from (A2) as follows:
e¯LγyLeL + e¯RγyReR (6.12)
= e¯LγeLZ
1
2
(g1T12 + gLT22) + e¯RγeRZ
1
2
(g1T12 + gRT32)
= (αLe¯LγeL + αRe¯RγeR)Z ,
with
αL =
e0
2c′s′
(c′2 − s′2) , (6.13)
αR = −e0s
′
c′
,
where use has been made of Eq.(6.3), i. e., tan θ23 = −ss13/c.
Hence the eZ coupling strengths αL,R are also a function of c
′ and s′. The same formula as αL,R
can be shown to hold for coupling strengths between the proton and Z (see the Appendix).
As far as light particles such as W±, Z, νL and charged leptons (quarks) are concerned, all results
are completely the same as those of the Weinberg-Salam theory with SU(2)L×U(1)Y in δ ∼ 0 if we
take s′ = sin θW , c
′ = cos θW , where θW is the Weinberg angle. Here WS gauge coupling constants
g and g′ are given by
g′ ≡ g1c13c23 = e0
c
c23 =
e0
c′
=
e0
cos θW
=
e0
0.88
= 0.34 , (6.14)
g =
e0
sin θW
=
e0
sc13
= gL =
e0
0.48
= 0.63 ,
respectively, around mass scales of weak gauge bosons MW ,MZ . Both equations g = gL and
g′ = g1c13c23 are our new results together with θ
′ = θW .
Here we can show that any mixing angle is expressed in terms of θW and ε ≡ gL/gR. At first we
have
ε =
gL
gR
=
s13
sc13
=
s13
s′
=
s13
sW
, (6.15)
so that
s13 = εsW . (6.16)
Secondary, from Eq.(6.15) we get
ε2 =
1
s2W
− 1
s2
, (6.17)
to follow
s = s12 =
sW√
1− ε2s2W
. (6.18)
Third, from the definition (6.5) we have
c223 =
c2
c′2
=
1− s2
c′2
. (6.19)
Substituting Eq.(6.18) into the above, we get
c23 =
√
1− ε2 tan2 θW
1− ε2 sin2 θW
. (6.20)
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To sum up we have
θ′ = θW , ε =
gL
gR
, (6.21)
θ12 = sin
−1
( sin θW√
1− ε2 sin2 θW
)
,
θ13 = sin
−1
(
ε sin θW
)
,
θ23 = cos
−1
√
1− ε2 tan2 θW
1− ε2 sin2 θW
Finally let us discuss about the ratio of gauge coupling strengths ε = gL/gR. From Eq.(6.17) we
see that it cannot be fixed by θW only. However, the s can be expressed in terms of a mass ratio for
heavy gauge bosons
MW ′
MZ′
=
c13c23√
2
, (6.22)
which comes from Eqs.(5.16) and (4.13). By definitions (6.5) we have
c13c23 =
s′c
sc′
=
tan θ′
tan θ
, (6.23)
so that
ε2 =
1
s′2
− 1
s2
= cot2 θ′ − cot2 θ = cot2 θ′
[
1− 2M
2
W ′
M2Z′
]
. (6.24)
Hence we get
M2W ′
M2Z′
=
1
2
(
1− ε2 tan2 θ′) . (6.25)
We know the experimental value of θ′ to be cot θ′ = 1.83 (sin2 θ′ = 0.23). Then, Duka et
al.[3] worked with ǫ = 1 to obtain x = MW ′/MZ′ = 0.59. Deppisch et al.[4] found the pair
(x, ε) = (0.30, 1.66) based on the SO(10) unified model, and Dev et al.[6] found (x, ε) = (0.63, 1.23).
On the other hand Patra et al.[5] worked in a region MW ′ > MZ′ , by considering another model
where Eq.(6.25) does not hold.
VII. CONCLUDING REMARKS
Our new results are summarized as follows:
1. The mass matrix for neutral gauge bosons becomes diagonal if
tan θ23 = −s12s13
c12
+O(δ) , δ =
κ21 + κ
2
2
4V 2R
= 5.8× 10−4 << 1
Under this constraint we have defined uniquely a new mixing angle θ′ by
s′ = sc13 , c
′ =
c
c23
, s′2 + c′2 = 1 .
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Then the light gauge boson world is described by θ′ only as below
MW =
37.3
s′
GeV ,
MZ
MW
=
1
c′
,
gνZ = − e0
2c′s′
,
g(pZ)L =
e0(c
′2 − s′2)
2s′c′
, g(pZ)R = −e0s
′
c′
,
All results are completely the same as those of the Weinberg-Salam theory with SU(2)L×U(1)Y , if
we take s′ ≡ sin θW , c′ = cos θW where θW is the Weinberg angle.
The WS gauge coupling constants g and g′ are given by
g′ ≡ g1c13c23 = e0
c12
c23 =
e0
c′
=
e0
cos θW
= 0.34 ,
g =
e0
sin θW
=
e0
sc13
= gL =
e0
0.48
= 0.63 ,
2. Any mixing angle is expressed in terms of θW and ε = gL/gR as below
θ′ = θW ,
θ12 = sin
−1
( sin θW√
1− ε2 sin2 θW
)
,
θ13 = sin
−1
(
ε sin θW
)
,
θ23 = cos
−1
√
1− ε2 tan2 θW
1− ε2 sin2 θW
3. We have given the mass formula for heavy gauge bosons
M2W ′
M2Z′
=
1
2
(
1− ε2 tan2 θ′) .
A similar formula like this has been so far derived by many authors in different ways from ours.
Here we have given its exact proof based on our formula tan θ′ = s12s13c23/c12.
4. Mass formulas (5.12) and (5.16) for MZ and MZ′ are new forms expressed in terms of
mixing angles.
5. Our general observations are that the world of light gauge bosons is described by θ′ only,
whereas the world of heavy gauge bosons is described by two parameters ε and θ′, together with
VR. The first notice of the Z
′ mass can be seen in Ref. [14] with the ε = 1 model, and in Ref.[15]
with the extra U(1) model.
The LRSM can be constructed from the geometric point of view of the gauge theory in
M4 × Z2 × Z2, where M4 is the four-dimensional Minkowski space and Z2 × Z2 is the discrete
space with four points[17]. The three Higgs fields φ,∆L and ∆R can be regarded as gauge fields in
Z2 × Z2 . The Higgs potential, therefore, should be of the Yang-Mills type, which contains eleven
free parameters. This should be compared with the general Higgs potential [18], which contains
eighteen parameters.
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Appendix A: Electromagnetic couplings with fermions and the proton-Z coupling strengths
The fermionic Lagrangian with gauge couplings is given by
LF = iψ¯Lγ
µ
(
∂µ − i1
2
g1YFBµ − i1
2
gLταW
α
µ L
)
ψL (A1)
+ iψ¯Rγ
µ
(
∂µ − i1
2
g1YFBµ − i1
2
gRταW
α
µ R
)
ψR , ψ =
(
u
d
)
,
(
ν
e
)
,
(
p
n
)
, · · ·
Gauge coupling terms X are included in the form for the lepton case
X = ν¯LγxLνL + e¯LγyLeL +
gL√
2
ν¯LγW
+
L eL +
gL√
2
e¯LγW
−
L νL (A2)
+ ν¯RγxRνR + e¯RγyReR +
gR√
2
ν¯RγW
+
R eR +
gR√
2
e¯RγW
−
R νR ,
where W±L,R = (W
1 ∓ iW 2)L,R/
√
2, and
xL =
1
2
(g1YFB + gLW
3
L) =
1
2
g1YF (T11A+ T12Z + T13Z
′) +
1
2
gL(T21A+ T22Z + T23Z
′) (A3)
=
1
2
A(g1YFT11 + gLT21) +
1
2
Z(g1YFT12 + gLT22) +
1
2
Z ′(g1YFT13 + gLT23) ,
yL =
1
2
(g1YFB − gLW 3L) =
1
2
g1YF (T11A+ T12Z + T13Z
′)− 1
2
gL(T21A+ T22Z + T23Z
′) (A4)
=
1
2
A(g1YFT11 − gLT21) + 1
2
Z(g1YFT12 − gLT22) + 1
2
Z ′(g1YFT13 − gLT23) ,
xR =
1
2
(g1YFB + gRW
3
R) =
1
2
g1YF (T11A+ T12Z + T13Z
′) +
1
2
gL(T31A+ T32Z + T33Z
′) (A5)
=
1
2
A(g1YFT11 + gRT31) +
1
2
Z(g1YFT12 + gRT32) +
1
2
Z ′(g1YFT13 + gRT33) ,
yR =
1
2
(g1YFB − gRW 3R) =
1
2
g1YF (T11A+ T12Z + T13Z
′)− 1
2
gL(T31A+ T32Z + T33Z
′) (A6)
=
1
2
A(g1YFT11 − gRT31) + 1
2
Z(g1YFT12 − gRT32) + 1
2
Z ′(g1YFT13 − gRT33) ,
with YF = −1. Collecting the electromagnetic terms and substituting them into (A2), we have
constraint equations
1
2
(g1YFT11 + gLT21) =
1
2
(g1YFT11 + gRT31) = 0 , (A7)
1
2
(g1YFT11 − gLT21) = 1
2
(g1YFT11 − gRT31) = −e0 , (A8)
Since the lepton takes YF = −1, we get
g1T11 = gLT21 = gRT31 = e0 . (A9)
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The coupling strength between the proton and the Z boson can be calculated in such a way that
ψ = (p n)L,R are SU(2)L × SU(2)R doublets with YF = +1. Neutral gauge coupling terms X are
now included in
X = p¯LγxLpL + p¯RγxRpR , (A10)
where
xL = Z
1
2
(g1T12 + gLT22) = Z
e0
2c′s′
(c′2 − s′2) ≡ ZαL , (A11)
is the same calculation as Eq. (6.10), while the second part goes as follows:
xR = Z
1
2
(g1T12 + gRT32) = Z
e0
2
(
1
cc13
(−sc13 − cs13s23) + 1
s13
s23c13) (A12)
= Z
e0c23
2
[
− s
cc13
+
( c13
s13
− s13
c13
)
tan θ23
]
.
Substituting tan θ23 = −ss13/c into above, we have
xR = Z
e0c23
2
[
− s
cc13
− ( c13
s13
− s13
c13
)ss13
c
]
= −Ze0 s
′
c′
≡ ZαR , (A13)
To sum up, neutral current strengths between the proton and the Z boson are given by
αL =
e0
2c′s′
(c′2 − s′2) , (A14)
αR = −e0 s
′
c′
These are completely the same forms as Eq.(6.13) for the electron and Z.
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